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ABSTRACT: Our aim in the present article is to introduce ataly new types of retraction of time
like helix in Minkowski 3-space.Types of the defatmon retracts of the time like helix in
Minkowski 3-space are presented. The relations &etvthe retraction and the deformation retract of
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INTRODUCTION AND DEFINITIONS Ahmady, A. E. 2011 b, c), (EI-Ahmady, A. E.
2007 b), (ElI-Ahmady, A. E. 2006),

An n-dimensional topological manifold
M is a Hausdorff topological space with a

countable basis for the topology which is

As is well known, the theory of
deformation retractions is always one of
interesting topics in Euclidian and Non-

Euclidian space and it has been investigated
from the various viewpoints by many branches
of topology and differential geometry (El-
Ahmady A. E. 2013 a, b, c, d, e, f), (El-
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locally homeomorphic tor™.If h:u-=U" is a
homeomorphism of &M onto U < R"then h

is called a chart of M and U is the associated
chart domain. A collectiona(y_) is said to be
an atlas for M ifu,., U;= M . Given two charts
hohy such that U,g=U,nUz=o  the
transformation chaif; o h;* between open sets
of R" is defined ,and if all of these charts
transformation arec=-mappings, then the
manifolds under consideration is ac= -
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manifolds .A differentiable structure on M is a
differentiable atlas and a differentiable
manifolds is a topological manifolds with a
differentiable structure (Arkowitz, M. 2011),
(Reid M, Balazs S2005), (Shick PI. 2007) and
(Strom, J. 2011).

A subset4 of a topological spac# is
called a retract of if there exists a continuous
mapr:X = 4 such thatla}) =ava e 4, where4

Id,
A— X > A
1 T

is closed andy is open (El-Ahmady, A. E.
2012 a, b, c).
This can be restated as followsi: — X is the
inclusion map, them:X — 4 is a map such that
roi=Id,.

Another simple-but extremely useful-
idea is that of a retract. ¥x = M, thena is a
retract ofX if there is a commutative diagram
(EI-Ahmady, A. E. 2011a).

If {: 4= B andg: X =Y thentis a retract of if there is a commutative diagram (Naber, G20Q11).

Idﬁ\
A 1, X !

(| lg
e

> A
lf
=B

thatis,rei=1d,,sej=1Idg ,sejof=Fferei goi=jef,andfer=s=g.
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A subset4 of a topological space is a
deformation retract ofx if there exists a
retraction »X¥—-4 and a homotopy
g: X =1 — xsuch that (Naber, G. 2011)

g (x,0) =x

g (x, 1) = +(x) xeX

ola.t) = o, a e 4.t = [0.1].

Also, supposer is a topological spacej is a
subspace o¥, and#:X = 4 is a retraction. We
say thatr is a deformation retract if, = » is
homotopic to the identity map ofx, where
i,:A— X is the inclusion map. If there exists a
deformation retract front to 4, then,4 is said

to be a deformation retract cf. Because
isor =Id, and r=i, =Id,. It follows that both

i, and » are homotopy equivalence (Strom, J.
2011).

Let M "1 = m,,, , be the Minkowski (n+1

)-space ,that isl\T”Jrl is the real vector space
R"** endowed with the standard flat metric

#*

ds?  =TPtdxl -axf . Also, ds¥> 0, 41=0
and ds7< 0 correspond to space —like ,null
and time —like geodesics (James B, H. 2003).

Helix is one of the most fascinating
curves in Science and Nature .From the view of
differential geometry ,a helix is a geometry
curve with non —vanishing constant curvature (
or first curvature of the curve and denoted by
k, ) and non-vanishing constant torsion (or
second curvature of the curve and denoted
by k).

Indeed a helix is a special case of the general
helix .A curve of constant slope or general
helix in Euclidean 3-spa@? ,is defined by the
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property that the tangent makes a constant
angle with a fixed straight line( Yaliniz, A. F.
2007). Itis well known that to each unit speed
curve «: 1c R — R? in the Euclidean space
whose  successive derivatives), « ()
ande«"(s)are linearly independent vectors ,one
can associate three mutually orthogonal unit
vector field T,N and B called respectively the
tangent ,the principle normal and the binormal
vector field Ceylan C. A. (1 (2007). At each
point a(s) of curvea ,the planes spanned by
{TN } {T,B } and {N,B } are known
respectively as the osculating plane ,the
rectifying plane and the normal plane
(Kocayigit, H. 2007). The curvesz:

Ic k- R® for which the position vector
zalways lie in their rectifying plane ,are
simplicity called rectifying curves .Similarly
,the curves for which the position vector
always lie in their osculating plane , are for
simplicity called osculating curves. Moreover ,
the curves for which the position vector
always lie in their normal plane , are for
simplicity called normal curves( llarslan, K.
2004).

The Minkowski 3-space? is the Euclidean 3-
spacek?® provided with the standard flat metric
given byg = —dx? + dx? + dx?,

Where (X X X3) is a rectangular coordinate
system ofg? .Sinceg is an indefinite metric
,srecall that a vectos e £ can have one of three
Lorentzian causal characters ,it can be space
like if g{v.v) = 0or v = 0,time like if g(w.v) < 0

and light like if glv,v) = 0and v = 0 .Similarly,

an arbitrary curve = «(s) in g2 can locally be
space like ,time like or light like ,if all of its
velocity vectors «'(s) are respectively , space
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like ,time like or light like respectively (Onder,
M., 2006).

Minkowski space is originally from the
relativity in physics .In fact ,a time like curve
corresponds to the path of an observer moving
at less than the speed of light , a light like
curves correspond to moving at the speed of
light and a space like curves moving faster than
light (EI-Ahmady, A. E. 2013 a, b, c, d).

Consider the moving Frenet frame {T, N, B}
along the curvea(s) ingZ.For an arbitrary
curve a(s) in the spaceg? , the following
Frenet formula are given in (El-Ahmady, A. E.
2013 a, b, c, d).

A curve in Lorentzian spad€ is a smooth map

a : I — L™ wherelis the open interval in the real

line R .The intervallhas a coordinate system

consisting of the identity map u bf.The
dafuw)

velocity ofz attelisa = —|. A curvea is
t

said to be regular i (ry does not vanish for all
tinl.a L™ is space like if its velocity vectors
zare space like for atle I,similarly for time
like and null. If « is a null curve ,we can
reparametrize it such thata () .« (t)==0 and
a(f) 0.

If = is null curve , then the Frent formula read

THE MAIN RESULTS

T o K 0 T
(HE 5 56
B 0 —-K, 0 B
Where

gTr.7) = g(B.B) =0, g(N.N) = 1,
gT.N)= gv,B) =0

, g'T, B} =1.In this case k,can take only two
valuesk, = 0 whene is straight line o%, =1 in

all other(El-Ahmady, A. E. 2013 a, b, c, d, e,
f).

The importance of the study of null curve and
its presence in the physical theories is clear
from the fact that the classical relativistic sfrin
is a surface or world —sheet in Minkowski
space which satisfies the Lorentzian analogue
of minimal surface equation .The string
equations simplify to the wave equation and a
couple of extra simple equations, and by
solving the 2-dimentional wave equations it
turns out that string are equivalent to pairs of
null curves ,or a single null curve in the case of
an open string .In this paper we will introduce a
new type of deformation retractions of time
like curve in Minkowski space from view point
of the geodesic deformation retract of Klein
bottle and its folding and retraction of chaotic
black hole, as presented by ( EI-Ahmady, A .E.
2011b)and (EI-Ahmady, A. E. 2011c).

Let «(s) be a time like helix .Then we can write its pasitvector as follows:

al(5) = A()T(s) 4+ uls)N(s) 4+ v(s) B(s) (1)
Differentiating equation (1) with respect to s arsihg Frenet formula we have
A(s) + wsIK 1, M) ky +u(s) —v()K, =0, u(E)K, +vis)=10 (2)

From equation (2) we have
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u —uls) (K} —K2 Y+K, =0 (3)
Now we are going to discuss the following case

If k% < k%.The solution of equation (3) is

(4)

uls) = Cy cos(S\/K] — K1)+ C;sin(5K? —K}) -
27

Wherec,.c; € R..From equation (2) we haw¢s) = 1- u(s)K,.By using (4) we find the solution of this
equation as follows:

AG) = 5 — —28—sin(sKT — KF) + —Z2—cos(5 /KT — K2Vt % e (5)
{g ey {g -x3 1
Also from (2) we havey'(s) = — u((s)&, .By using (4) we get
v(s) = —2E—sin(5, K —KF) + ~cas (5/KZ — —KIyk R =L (6)
JEI-E] vx;—gi -k}

Hence, the position vectet(s) is

1-41

ay(s) = (5 - - 5in(5K? — K?) + cos(SyKZ — K3+ - *is)r{sj
vg:—gi {g ey

+(Cycos(Sy K] — K+ Cpsin(SyK; —Ki) — 1R: i
27

(—2E—sin(5KZ —K}) + —==—cos(5/KZ — K)+ ‘““) B(s).
&3-&i P

W W

Now we are going to discuss the retraction of th&tpn vector,(s) as follows

Let # ey (s) — 8} = {a;(s) — g3* , wherele;(s) — 8} be the open helix arfgt;(s) — 5}* be the retraction
of the position vectos,(s).

Now we discuss the following cases:

If £,=0, we have the following retraction defined as:

7 (e s))= (5 + — cos(5 [KZ = K2)+ - ‘15)1"(;3

+(C,sin(SKZ — —KD) -z = )“J'f,s]+( - cos(5,/K? —Klj+’*1“) B(s).

»‘1

Also ,if £,=0 we obtain the following retraction defined by:
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r31-'*1

7 (g GN=( S - -sin(5yKZ — —KD)+3 =8 2 T

\;;1

+(Cy cos(5KZ — K2) - ‘1 )n.r{s] +

-sin(Sy/KZ — KE) + 215 5) B(s).

'.rf -
" 1

If ¥, =0, we present the following retraction given 9, (s)) = ( 5) T(s)
+(Cycos(5 K;)+ Cysin(5K;)) Nis)+

(—Cysin(5 Ky) + C;cos(S K;)+) B(s).

If &, =0 we have the following retraction defined as:

n(a(s=(5 - sm(ﬁ K2y +-= msm K2)- 5)T(s) +(C, cos(Sv/= K2)+ Cpsin(SvV— K] I+ )N{s].

If T(s) = 0, we present the following retraction given by:

75 (e (s) )=
(€ cos(SyK? — K} )+ C,sin(5/KE — 5{1]_ = )ﬂ..i{s:]+(

- gin( ¥,/ K K]-I——EDE{S K — Kt

e

'.rf -z
i 3

L]

Ky K25
R—::_Rf) B(s).

Also, if v(s) =0 we obtain the following retraction defined as:

7 (0, (5))= (5 — —222—sin(5[KZ —K2) + —=22— cos(5, /K2 — K2)+- ‘15)1"{5]
\f-.-: —xl \f.—e -kl
+—2E in(5KZ — K7) + —==—cos(5,/K? —Klj+’*“”) B(s).
(w2-xd |EZ-x2

L] L]

Now, if B(s) = 0 we present the following retraction given by:

r31-'*1

7 (e (s))= (5 - ~sin(5KZ —K?) + - cos(5,/K? — K1]+ xis )r{sJ

'.r# & .r<‘ -E
1 " 1

+(Cy cos(5yKZ — K1)+ C,sin(5,[KE — K7 ) o= :)N{sj

Also, if T(s) = Nis) =0, we have the following retraction defined as:

e (a3 (s))= (22— sin(SRE —KY) + — Pk cos(SKE — KEYHEE 25
\f-.-: —.-:1 _,: —-#1

) B(s).

L]

Now, if T(s) = B(s) = 0 we present the following retraction given by:

75 (@3 ())= (Cyeos(SyKT — KI )+ C,sin(S\KE —K3) — 25 N(s).
Also, if N(s)=E(s) = 0, we have the following retraction defined as:
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l31-'*1

-sin(5,/K? Klj+%ms{5.j —K)* £is )T(s]
| —hRy

g (& ':5:]:] (5-

.r-?—.r#
| 1

Moreover, ifT(s) = ¥(s) = B(s} =0 , we have the following minimal retraction daefd as:
. (e, ()= {0.,0.0%

In this position, we present some cases of defoomagtract of time like helix in Minkowski 3-space
.The deformation retract of time like helix is

@ la,(s) — gt % 1= {a,(s) — 5},

wherele, (s} — 5} be the open helix of the position vectois) and1 is the closed interval [0,1],be
present as

ol h): ((( 5 — -sin(SyKZ —K?) + - cos(5y K7 — — KDyt £is )r{sj
--'::‘ 1 \;"'a:_":i

+(Cacos(s KT = KEy* Cysin(SyKE —KF) — 22 1
FRT

(—2E—sin(5KZ —K}) + —==—cos(5/KZ — K)+
\Ri-&} (ki-x?
3| 3|
Ky K35 _ .
R—::_Ri:) B(s))—£) »1
(((5 ——2=—sin(5/KF —K2) + —22—cos(5/KZ —K2)+
\f_.—:: -kl \f-.-: N

) T(s) +(Cucos(S\KE — KIV+ Csin(5yKT —KF) — F25) NI+
1T 2~y

(—=
»-,: -

2—sin(S\/KZ — KP) + —2=—cos(5/K; — Klj+'““).5*{sj) ).

'.rf —-Ky
" 1

The deformation retract of the helig(s) into the retractiom, (z,(z)) is

25 sin(SyKZ — KP) + —2=—cos(5yKZ —KI)+
\f--'*:—-'ﬁ JE-E]

wle,h) = A - R (((5 -

5 ) 1) +(C, cos(5EE = KE)+ C,sin(SyKE —KF) — ) NG+
27y FRT

(—2Esin(5,KZ —K?) + —222—cos(5[ K2 Klj+“1‘5)3(sj) B)+h((S+ cos(5 K2 — K2yt
|EZ-x2 PES 2_xl _.-e;—.-:i
W W 3|

wis

R;—R;)

,:1,:5

+(C,sin(SKZ — —K) -z - )n.r{sj+( )B{s]]

-cos(5,/ I{ — K} ]+

'.rf -
" 1
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Where

‘F":-l' 0= =5 - Ci-fi - 5in(5,/ j{ _j{l:] + _ Gy - cas(5,/ ff Kl:]+ _.(‘ij ) ()

2t
Hy o H2 TRy

).ﬂf{s]+

-\; 2

+(C,_u:u:|s{.5'.\, K —Kiytce, sin( 5,/ I{ —-Ki)—

(—c.: -sin(5, /K> —K?) + <3 -cos(54 K2 — Ki)t
[e2_g2 e

L]

i) B()- /), and

- cos(5,/KZ — —KEY* 3 kis )r{sJ

wlx, 1) =5+
\f-.-: ey

Ky K35

) B(s)),

+(C,sin(5, /K — K? )~ St )n.r{sj+( - cos(S,/K? —K1]+

'.rf -
" 1

The deformation retract of the helig(s) into the retractior, (z. (s} is defined as

plx, h) = u:u:us—{{{.ﬂ'— = - sin( 5y H —-KiH+ cos( 5y H — Kt
-x? [P

»‘21 3

Eis i i . 72 2 L
ﬁ) Tis) +(CIEDS{54\:H: —Hl:]+ C:Slﬂ{i\:f{: —Kl:] _R::—i;:f) Nis)+

(—2=—sin(5,/KZ —K2) + —=22—cos(5,K2 Klj+'“‘ 5) B(s))-
\f-.-: -kl PES 2_xl
B) +sin= (5 - —2E (s JRT — K7 )+ Kis ST

led-x?

L]

L]

+(Cy cos(5|/KF = K2) - - :“ )“J'f,s]+{ sin(5,/K? Kljﬁi“) B(s)).

'.rf -
" 1

The deformation retract of the helik¢(s) into the retractior; (=, (s)) is defined by

olx, h) = —r (((5 — —22—sin(5\KZ — K?) + —22—cos(S/KZ — — KDYt xis )r{s]
VKK JEiE
+(Cy cos(SyKZ — K3+ C;sin(SyKZ — -Ki) -3 _.: Nis)+

(—2=—sin(5,/KZ —K2) + —=222—cos(5,/K2 Klj+'““)3(sj) B)+I((5) TG)

'.rf - .rf -
3 i 3 i

+(Cy cos(5 K;)+ C,sin(5K,) Nis)+

(—Cy=in(§ K;) + C,cos(S K;)+) B(5)).

The deformation retract of the heli(z) into the retractiom, («,(z)) is given by
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S8 sin(SyKZ —K?) + —2i—cos(5yKZ — —KDE s £is )r{s]
\;.—#: -k} JEI-E]

+(C1cos(SyKE — KN+ Cosin(SKE — k) — =2) {
2™

wlx, h) = u:u:us—{{{ 5—

(

~Ciks Ky K25

-sin($,/ I{' H]+—cas{5 I{' I{']+

'.rf —H
" 1

jB{sj]—E]+sm— (Ss- SI'JJ(.S'*-.I —E¥ 4+

'.rf -
" 1

== cos(5vV—KD)
~—Hy

- 5) T(s) +(C, cos(Sv— KF)+ Cysin(SvV—K}) + Ri) N(s)).
The deformation retract of the helig(s) into the retractions (z,(s)) is defined as

r31-'*1

- cos(S,/K? —K? Yo &S D TE)

pleh) = (5 - - sin(5,/KZ — K?) + T

\;:1 3

_. :) ‘n"r{s] +

+(Cycos(5K? — K2 )+ ¢, sin(S5, K2 — Klj—

(—2E—sin(5KZ —K}) + —=Z=—cos(5,/KZ — Klj+'““j B(s)) — B)+2=((Cy cos(Sy/RT —RI)+

'.r# -E (K3 —H{
" 1 278y

Czsin(Sy/KE —KF) — 2 N+
FRT

™

,:1,:5

( —C.r# I!:.n’

-sin(5, /K> —K?) + ~cos(S,KZ — K1]+ )B{ ).

'.r# -E .r# -E
" 1 1

L]

The deformation retract of the helix «,(s) into the retraction r, (a,(s))is

ol h) =0 =h(((5 -

- sin(S,K? = K7) + ——=—cos(5/KZ — K7 Vs ks 276

= '.r#—.r#
\;‘ Hy " 1

+(Cacos(SVKT = K2V C,sin(SyRE —KP) — ) NG+
FRT

(—2E—in(s, /K2 —K2) + cos(5, K2 Kj+'““j B(s))-
JEI-K] v-.-: -x}
Caky _.:15
BIR((5— ~sin(5KZ —KI)B) + - cos (S, K? —K1]+ )r{s]
jw2_x? _.-e: -x}
L] L]
+—E8 cin(5KE — KF) + —2—cos(5,/K? —Klj+‘1’”) B{sj)
le2-x3 |x2—&?

L] L]

The deformation retract of the heli (s} into the retractior: («,(s)7} is defined as

olx,h) = e"(1 — W)(((5 ——222— sin(5/KZ — k) + —=—cos(Sy/KZ — —KDYt Kis )r{sJ
\f_.—::—.-ai (K]

+(C, cos(S5yK? — K2+ Cysin(S5 K2 — Kij— g N(s)+

(—2=—sin(S\KZ —KF) + — 22— cos(S/KF — K?) + 322 5] B(s)) — B)+

-,: -&]

'.rf —-Ky
" 1

™
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1-'31

Sen+3)ws- —sin(sy KT —K) + - cos(S4/KZ — K-k +

= '.r# -E
JE N 1

C,sin(5,/KZ —K?) - R;_‘R:J ey

The deformation retract of the helig (=) into the retractior: (z,(z) ) is defined by

1-41

-sin(S/KZ — K2) + —22— cos(5,/K? —K1]+ &S ) T(s)
\;-.-:: -kl v-.-: -l

+(C1cos(SyEF — KM+ Cosin(SKE —KF) — =2) |
2™

plei) = (S

1+h

- ,:1,: 25
( w-,: -&]

sin(5y/ H., -Eh+

-cos(5y) H — Kf ]+

T s R0) —E’J+;{(

-sin(S,K? —K?) + - cos(5/KZ —Klj+‘1‘* 5) B(s)).
v-.-: ey v-.-: ey

The deformation retract of the heli(s) into the retractior; (z;(s)) is defined as

ol h) = et~ (((5 — —2—sin(5\/KF —K}) + i cos( 5,/ KZ —K1]+ xis )r{s]
\:‘22 .-#1 x- -"?1
+('f1'3'3'5':5~... K; — Ki)* C;sin(sy) I{ . T :) Nis)+
(—'_;'*:e sin(5,KZ —K2) + Lg cos(Sy/KZ —KI) + 37> 5] B(s)) — B+
W52 TR

Ine™((Cycos(S K2 — K1)+ C,sin(5\ K> —K7) —R;*_ixzj N(s)).
The deformation retract of the helig(s) into the retractiom; («;(s) 7 is defined as

= - 5in($y/KZ — K?) +—R'3':'5':5*vg Kl:]+ = )T{S:]

o, k) = e™(1 — R[S -

'.rf —Hy
" 1

+(Ca cos(SyEE = KEY* C,sin(SyKE —K3) — o
T

,:1,:5

(—2=E—sin(5KZ —K?) + —22=—cos(5,/KZ — — KD+ 33

[
(K3 —Hy '.rf —-E7
3 i + i

H(r+3)ccs -

wiox) BED) -8t

25 sin(5, K2 —K2) +—R|:Ds{.5'.\, K —Kiytz Kis )r{sllj
'|,iR: .n’i '|,|-K —.r#i

The deformation retract of the helig(s) into the retractiom,, (¢,(s)) is defined as

r31-'*1

- sin(SyKZ — K2) + —22—cos(5,/KE — ~Kiyt &S )T{sJ

le2-x? (K3 — Ky
o 2Ry o 2Ry

+(Cacos(s KT KE¥F Cysin(SyKE —KF) — 22) 1
FT

o(x, k) = me™ M (((§ -
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—Cy ¥ Ky K35
[ g2
W52 TR

(

sin(SyKZ —KZ) + —22—cos(5y/KZ — k) +

Jui-x e

Conclusion:

Consider a curve in a space suppose that
the curve is sufficiently smooth so that the
Frent frame adapted to is defined the curvature
k, and torsionk;ithen provide a complete
characterization of the curve . Helix is one of
the most fascinating curves in Science and
Nature ,a helix is a geometry curve with non —
vanishing constant curvaturg, and non-
vanishing constant torsiork;,.A curve of
constant slope or general helix in Euclidean 3-
spacer? ,is defined by the property that the
tangent makes a constant angle with a fixed
straight line .In the present article, we obtain
and study types of retraction of the position
vectors of time like helix in Minkowski 3-
space.Also ,by using the position vectors of the
curve and retraction of the position vectors ,we
deduced types of the deformation retracts of
the time like helix in Minkowski 3-space. The
relations between the retraction and the
deformation retracts of time like helix are
obtained. Types of minimal retraction of time
like helix in Minkowski 3-space are also
presented. New types of homotopy maps are
deduced .
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