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Abstract: This paper provides the methods of construction of binary and non-binary efficiency
balanced (EB) designs. The methods are based on the incidence matrices of balanced incomplete block
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1 Introduction: The concept of an EB
design has been introduced by Jones (1959).
However, he has called such design as a total
balanced design. Later Puri and Nigam (1975a)
have renamed this total balanced design of
Jones (1959) as efficiency balanced (EB)
design. Cdinski (1971) has discussed the
concept of EB design in detail and has given
some examples of EB designs by trial and error.
Puri and Nigam (1975a) have proved that a
design is an EB design if al the off-diagonal
elements of the matrix P = NK~'N' are all

proportional to the product of the two relevant
replications. Puri and Nigam (1975b) have
given a systematic procedure of construction of
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EB designs by merging of trestments in BIB
and EB design. Several authors have studied the
concept of EB design and have given many
interesting  properties and methods of
construction of EB designs. To quote we
mention few Williams (1975), Dey and Singh
(1980), Kageyama (1980), Dey et a. (1981),
Ghosh and Karmarkar (1988).

In what follows, we denote by & the kronecker

product of matrices, 1, the 1 x x row vector of
ones, 1, the column x X 1 column vector of
ones, 1. & N the x replications of N, I, the
identity matrix of order x, @, the null matrix
of order x Xy, J,.... the matrix of ones of order
x Xy andbyx, (I=1,2),p,q, s, tthepositive
integers.

2. Methods of Construction: In this
section, we describe methods of construction of
binary and non-binary EB designs making use
of the incidence matrices of some known BIB
designs and GD designs.
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Theorem 21: Let N, be the 1, Xb, incidence matrix of a BIB design D; with
parametersy, ,b,,m ,ky,4,. Then

N =

Nl fl:._xq ‘rr._l
1, 0, 1,

is the incidence matrix of a binary EB design D with parameters v =v, +1, b= b, + q + v,
r'={(m +q+1)1,,(by+v)} k' ={(k,+ 1)1} ,v,1},21] }and

E={Av+qlk,+ DHvy(n+q+ 1)+ (b + v} vk, + D)(n+g+1)* if and only if
constant g satisfy the equality

q{2by +v,(ky + 1)) = vy {ry (2ry + ky +3) + (kg + 1) —24,4(b, + 7).

Proof: Evidently the off-diagonal elements of the € = (¢c;;) matrix of D are:

p
;= v &% 2.1)
(ky +1) vy
e} 1

ci}.:(kl—%-lj—i_i il=Z=v, &j=v +1 (2.2)

Now suppose D is an EB design. Then one has ¢;; = cr;r;. Hence, considering the ¢,;'s as given
above we have

Ay q _ z

—(k1+1j+v—1—c(r1+q+1j (23)
e} 1

(kl_i_lj-l-z—c[rl-l-q-l-l][bl-l-iﬂl] (24)

Now from (2.3) and (2.4) eiminating ¢ we get the required result. Using (2.3) we get efficiency E.

Hence the proof.
Table2.1: EB designsusing Theorem 2.1

Sr. Series Parameters q Parameters of EB design v, b, r', k' E

No. No. vy,by, 1 kg Ay
1 8 6,6,5,5,4 0 712, {61.,12), {61.,61},21.) 0.89
2 10 7,7331 2 8,16, {617,114}, {41.,71},21.} 0.83
3 19 9,18,8,4,3 3 10,30, {121%,27}, {51}, 915,21.} 0.88
4 25 10,30,9,3,2 6 11,46, {161},,40}, {41}, 101;,21},) 0.86
5 27 10,15,9,6,5 0 11,25, {101},,25}, {71}, 101},21},) 0.89
6 29 11,11,55,2 1 12,23, {71},,22}, {61}, 111, 21,} 0.86

Theorem 2.2: Let N, be the v, X b, incidence matrix of a BIB design D, with parameters v,, b,
n =v;, — 1,k = 24,, 4,. Then

1,; @ N, l'qu (V24 '{1:._ Uz:-_x:;

Of:::b._ xll:w._ O:“,._ O:ﬂ,__ x5 1:;

N = O'fpb._ ofqv._ xllfqv._ O:-TL‘-_ X2 1:3
0., 0y, 04, x1g,, %1
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is the incidence matrix of an EB design D with parameters v =, +t, b=pb, + tqv, + ¢,
v ={(pn +tq)1; ,q(x,vy +x,)13}, k' ={ky1,, (o + D10, , x,t10} and
E =pi{v,(pry + tq) + tq(x,vy + x,) }/ky(pry +tq)° if and only if t satisfy the equality
tqx, hey = pAyx, (g +1)°%
Proof: Evidently the off-diagonal elements of the € = (¢;;) matrix of D are:

1z

Cij K iLjsv &i#j (2.5)
qxy . .
€. = il &j=w, 41 2.6
9 (ay + 1) 18 =" (2:6)
gx; . . .
% T jZzv T1&i#] (2.7)

Now suppose D is an EB design. Then one has ¢;; = cr;r;. Hence, considering the ¢,;'s as given
above we have

pA ,
k_l =c(pr + tg)° (28)
1
qx
(x +11] =c(pry + tq)q(xyvy +x,) (2.9)
qX3 2
= c{q(xvy +x5)}° (2.10)

t
Now from (2.8), (2.9) and (2.10) eliminating ¢ we get the required result. Using (2.8) we get

efficiency E. Hence the proof.
Corollary 2.1: If wetake x, = x, = g = 4, and p = -, then the design given in Theorem 2.2 is an EB

design D with parameters v = v, +t, b =22 4 to, A, + 4, ' = {t(%+,11] 1;‘_,,112(1:11 +1) 1;},

k' = {klléa_._, (A + 115, 5, t,llljli} and E = A, {vy(ry + 24,) + 22,7 (v, + D}/ k(1 + 22,2

Table 2.2: EB designsusing Corollary 2.1

Sr. | Series Parameters X | %, |p|lg| s Parameters of EB design v, b, ', k' E
No. | No. vy,by,1 kA4

1 33,221 111|2|1| 4 7,19, {81;,41.}, {21},21},,41]} 0.63
2 1 4,6,3,2,1 1|1 |8|1|16/|20113,{401,,51}.]}, {21}.,21.,,161,}| 0.6
3 3 5,10,4,2,1 1|1 8|1|16]| 21,161, {481;,61}.}, {215, 215,161} | 0.58
4 18 9,36,8,2,1 1|1 4|1 8 (17,217, {401;,101;},{21],,,21%,,81]}| 055

Corollary 2.2: If wetake x;, = x, = 4,, g = k, and p = t, then the design given in Theorem 2.2 isan
EB design D with parameters v=v, +1t, b=th, + tv,k,+ k,,
= {t(r + k)L, kg Ay (v + 1)11), K ={ky1y, (4 + D1, 4,15 ] and.
E=A{w(ry + kq) +kydy (v + 1)}/ ki (1 + k)
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Table 2.3: EB designsusing Corollary 2.2

Sr. | Serie | Parameters | x, | x, | p |g| S Parameters of EB design v, b, r', k' E
No | sNo. | w,,b,,1 Ky,
“11
1 6 615521 (1|1 |1|2|1 22,434, {1121;,141].}, 0.57
6 6 {21;4[#’21;92’1615}
2 12 721621 |1|1|4 2|4 | 11,142,{321,,161,}, {21;,.21,,., 415} | 0.56
3 14 828721 | 1|1 |3 |2| 3| 11,134,{271;,181;}, {21;,.21,.,31;} | 056
4 24 1045921 | 1| 1| 4 |2| 4| 14262, {441,221}, {215, 21, 415} | 055
5 31 | 11551021 11|19 |2]|9 20,695, {10817,,241.}, 0.54
{21;95’21;981915}
Theorem 2.3: Let N, be the incidence matrix of a GD design D, with parameters v,, by, 1y, ky, m, n,
A;=10,4,. Then
LLON: Jaxg ®Ln  Jaxg @l o Jixg @I 0,
0,5, % V- Opm - 0 x,1y
N=| 0,, (- ol . (- x,1;
0, 0. Opm o o L. 1,1y
is the incidence matrix of an EB design D with parameters v = v, +t, b =ph, + tgm + g,
r' ={(pn, + tq) 1, .q(xym+ x,) 1.}, k' = {kll;b‘_, (g + n)1y,,,, xpt1L ] and

E=pi v, (pry +tq) +tg(x,;m+ x,)}/ky(pr, + tq)? if and only if ¢, p, g satisfy the equalities
tx,? = x,(x; +m)? and pA,(x; + n) = qky.
Proof: Evidently the off-diagonal elements of the C = (¢;) matrix of D are:

q

C;; = L Zv &iF] 211
3] (x1+ﬂ) 1 1 7 ( j
iz . C
Cijf = K L Ev &i#Fj (2.12)
x
€, = L _ iy, &f=v +1 (2.13)
(x4
_ gxg . . ,
% T jzv T1&i#] (2.14)

Now suppose D is an EB design. Then one has ¢,; = cr,r;. Hence, considering the ¢,.'s as given
above we have

(le—i-n] = c[prl + J.‘q]2 (2.15)
% = c(pry + tq)* (2.16)
[xf%n] = c(pry +tg)g(xym+x;) (2.17)
2= cla(am +x,)F (218)

t

www.johronline.com 220|Page




Patel B.L., J. Harmoniz. Res. Appl. Sci. 2018, 6(3), 217-221

Now from (2.15), (2.16), (2.17) and (2.18) eliminating ¢ we get the required result. Using (2.16)

we get efficiency E. Hence the proof.

Table 2.4: EB designsusing Theorem 2.3

Sr. | Serie Parameters x| %, | p| q | t| Parametersof EB designv, b, r', k' E
No | sNo. | v,,by,1y,kqy,m, n, 44
] “12
1| SR1 442222011 212|122 614,{61,,121}}, {21],41;,41.} 0.6
7
2 | SR3 4,12,6,2,2,2,0,3 212|116 |2 6,42, {181},361.}, 0.6
(215,, 415, 41} !
3 | SR4 4,16,8,2,2,2,0,4 21221 1|2 6,112, {481;,961;], 0.6
6 [21,,41},, 41} 7
4 | SR2 | 6201033205 |2|3|3|2|3 9,260, {901,,1801;}, 0.6
2 0 (3150, 414150, 915} !
5 | R29 8,24,6,2,4,2,0,1 2121} 2|2 10,42, {101;,2015}, 0.6
{215,,417,, 41}
6 | R19 | 26,2699,13203 |1|2 2|26 32,210, {3015,,301.}, 0.7
9 {915,315, 1213} 1
Remark 2.2: In Table 2.1 to Table 2.3 series 4. Dey, A., Singh, M. and Saha, G.M. (1981):
numbers are according to Raghavrao (1971), Efficiency balanced block designs, Comm.
page 91 and in Table 2.4 series numbers of GD Satist. - Theor. Meth., 10, 237-247.
designs are according to Clatworthy (1973). 5. Ghosh, D.K. and Karmakar, P.K. (1988):
3. Conclusion: Here the new construction Some series of efficiency-balanced designs,
methods of efficiency balanced designs are Austral. J. Satist., 30, 47-51.
given. The constructed methods are flexible 6. Jones, R.M. (1959): On a property of
enough to incorporate number of incidence incomplete blocks, J. Roy. Satist. Soc. Ser.
matrices of GD and BIB designs. The designs B, 21, 172-179.
so constructed are found to have applications in 7. Kageyama, S. (1980): On properties of
industrial, agricultural and pharmaceutical efficiency-balanced  designs, Commun.
experiments. Satist. - Theor. Meth., 9, 597-616.
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