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Abstract: In this paper we consider a bi-matrix game witlazfu payoffs. To compare a fuzzy
numbers, some different ordering operators cansed.uWe define Nash equilibrium in fuzzy game
using the ordering operator. The game with crisgpofia is associated with the original game. Here,
crisp payoffs are the operator’s value on a fuzayoff. We propose the following statement: if the
ordering operator is linear, then the game withoffayhas same Nash equilibrium strategy profile as
the crisp game. We present an algorithm for constrg a Nash equilibrium in a bi-matrix game
with fuzzy payoffs and we are using this fact. W= such ordering operators, and construct the
Nash equilibrium in examples of bi-matrix games.
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1. Introduction: Game theory takes an important and certainty may be modeled by different ways
role in decision making and actively is used for such as fuzzy games. Initially, fuzzy sets were
modeling the real world. Applying game theory used by [Butnariu, 1978] in non-cooperative
in real situations, it is difficult to have strict game theory. He used fuzzy sets to represent the
value of payoffs, because players are not able tobelief of each player for strategies of other
analyze some data of game and as a result, theipplayers. Since then, fuzzy set theory has been
information isn‘t complete. This lack of precision used in many non-cooperative and cooperative
games.

Overview of the results of fuzzy games are in
[Larbani, 2009]. In recent past, various attempt
have been made in fuzzy bi-matrix game theory
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2. Fuzzy Numbers

Definition 2.1 A fuzzy set is defined as a
subset A of universal set XS R by its
membership functiorup (-) with assigns to

each element e R, a real numbarp (x) in

the interval [0, 1].

Definition 2.2 A fuzzy subset adefined on R,

Is said to be a fuzzy number if its membership
function pa (X) satisfies the following

conditions:
@ mx():R > [01] s
continuous;
(2) kx (x) = 0 outside some intervfla, d];
(3) There exist real numbers b, ¢ such that
a=b=<c=dand
(@ pz(x) is monotonic increasing on
[a,b];
(b) px(x) is monotonic decreasing on
[c,d];
@Quzx)=1, ¥ x € [bc],
The a-cut of a fuzzy numberA plays an

important role in parametric ordering of fuzzy
numbers. Thex-Cut or a-level set of a fuzzy

numberA , denoted bz o Is defined as
A,={x€R: 1z(0) = a)
alle € (0,1].
The support or O-cuﬁu is defined as the
closurehgf the set

Ag={x€R: pz(x) >0}
Every [J-cut is a closed
A, =[gx(@), Gx()] =R
Where gz(a)=inf{x€R: pz(x) =z a
andGz(a) =sup x ER  pz(x) = a}
Foranyx € [0,1].

We denote the sets of fuzzy number as F. Next,
we use two types of fuzzy numbers.

Definition 2.3 Let A be a fuzzy number. If the
membership function o is given by

upper semi-

for

interval
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x—a+l
—7 forxe[a—1,a)]
x)=49a+1r—x
Hal) — for x € [a,a + 7]
0 otherwise

Where,a, | andr are all real (crisp) numbers,
andl, r are non-negative. The& is called a
triangular  fuzzy number, denoted by
A =(a,l,7)

We denote the sets of triangular fuzzy number
asF;.

Definition 2.4 Let A be a fuzzy number. If the
membership function A is given by

rx—a+1
I forxe€la—1,a]
1 forx € [a,b]
b+r—x
— forx e[bb+r1]
. 0 otherwise

where,a, b, landr are all real (crisp) numbers,
and|l, r are non-negative. Thedl is called a
trapezoidal fuzzy number, denoted by
A = (a,b 1,1). [a,b]isthe core off,

We denote the sets of trapezoidal fuzzy number
asF;.

let A=a,,l, ,nandB =a,,l, ,1», be

two triangular fuzzy numbers. Then arithmetic
operations ol andB are defined as follows:
Addition:

A+B=a,+a, I, +1,,1,+1n =CEF,
Scalar multiplication¥ k > 0,k € R,
kA = ka, k1, kr, kA € F,
Let A=a, ,b I, 1y,
B=a,,b,,l,,1,, be two trapezoidal
fuzzy numbers. Then arithmetic operations on
A and B are defined as follows:

Addition:

A+B=a,+a, b, ~b,ly +1,, s+, =CEF,
Scalar multiplication¥ k& = 0,k € R,

and
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kA = ka, ,kby kl, kry kA €F,

In general, letd and B be two fuzzy numbers.
If
A4B=C 24A=D andi=const> 0then

Co=[9z(c) + ggla), Gxle)+ Gy(a)]
And

D,=[1gz(), AGx(a)]

foranya € [0; 1].

Comparing of fuzzy numbers is a very
important question. Various methods for
comparing fuzzy numbers have been proposed.
For example, fuzzy numbers can be ranked
using the defuzzification methods.

A defuzzification is the process of producing a
real (crisp) value corresponding to a fuzzy
number. In order to rank fuzzy numbers are
using the defuzzification approach, the fuzzy
numbers are first defuzzified and then, the
obtained crisp numbers are ordered using the
order relation of real numbers.

Yager in [Yager, 1981] introduced a function
for ranking fuzzy subsets in unit interval, which

is based on the integral of mean of thecuts.
Yager index is
1

1
Y(&) =§J’[g3(ﬂ] +Gx()] da

Jain in [Jain, 1977], Baldwin and Guild in

[Baldwin, 1979] were also suggested methods
for ordering fuzzy subsets in the unit interval.

Ibanez and Munoz in [Ibanez, 1989] have
developed a subjective approach for ranking
fuzzy numbers. In [Ibanez, 1989], Ibanez and
Munoz defined the following number as the

average index for fuzzy numbAr

Vp(A) = f fx(e) dP(a)
Y

WhereY is a subset of the unit interval aRds
a probability distribution orY . The definition

of f4 could be subjective for decision maker.

Ukhobotov in [Ukhobotov, 2016] proposed the
ordering operator
1

- 1
U(A,v) = Ef[(l —v)gx(0) +v Gz(a)] da

Where crisp parametar € [0; 1]. Different

v correspond to different behavior of the
decision maker.

Some other defuzzification operators were
given in [Basiurat al, 2015].

Definition 25 Let A and B are a fuzzy
numbers, T: F — R is the operator of
defuzzification(T(+ ) = Y(* ) Vp (*),
U( -, v)etc.).

We say thatB s preferable toA by the
defuzzification operatol (A <, B) if and
only if

T(A) < T (B)

The order relation =, depends on the
defuzzification operatof.

Example 2.1.

Let

ABCeF, ,A=(5212,22),B=(57,32,14), T = (54,32,32)
T(-) =U(",v)

If X = (a,l,r) € F; then

vr —(1—v)l

UX,v)=a+ >

Next, if v = 0, then
U(4,0)= 46, U(B,0)= 41, U(¢,0) = 38.

. 1
if v = 2 then

U(22)= 545, 0(32)=525, u(z2) = 5¢
if v = 1,then

Ui, 1) = 58, UG, 1
%U{-,U] B %U{-,Uj A

= 0= 1 4
U5 Ul

T

= 64, U(¢, 1) = 70.

o oy

g

%U{-,lj B =UE1) ¢
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Definition 2.6 If VA,B eF
V @, B = const
T(ad + BB) = aT(4) + BT(B);

then the defuzzification operator T( is the
linear defuzzification operator.

Clear, Yager indexY ( *) and operator
U( »,v)is linear.

1. Crisp Games

3.1 Non-cooper ative N-Person Games

Consider a non-cooperative gameNbplayers
in the class of pure strategies

I' = (N; {Xi}ien {i(X)}ien)
where N = 1,.......,N is the set of

players’ serial numbers; each playecthooses
and applies his own pure strategy

x; € X; € R™, forming no coalition with
the others, which induces a strategy profile

X = (xl,.....,xN]E X =HX1 CRn

for eachi € N, a payoff functionf,(x) is
defined on the strategy profile s¥ which
gives the payoff of playei. f;(x) is payoff
function of player (i € N).

The sets of mixed strategies of the two players
are calledX andY . For mixed strategies and

y, we want to write expected payoffs as matrix
productsxAyandxBy, so thatx should be a row
vector andy should be a column vector. That is,

¥ = ()l 2 00 €10 ;) el

iEM
And
= Gy 2 00 €1) Y

jen
Definition 3.2. A pair (x°,y°) € X X ¥V is
called a Khsh equilibrium for the garte, B) if
x®Ay® = xAy® Vx € X,

x*By® > x*By Vy €Y.

From [Nash, 1950] implies that the set of Nash
equilibrium for a gameA;B) is non-empty.

We recall, a bi-matrix game is a zero-sum bi-

matfﬁg_gﬁhqpatrix,? = —A. A solve of a

zero-sum atrix game is saddle-point.
2. GameWith Fuzzy Payoffs

Further, we consider a non-cooperatiie
person game

F = (N, K diew o (XJ}EJ

Which differs from (1) only payoffs functions.
(38, a payojtf jfunction of playen is
NS

In addition, denote
{:X II ZJ = {:Xl,.......Xl-_l,Zl-,Xl-_,_l,.....,XN]_, }naj .lX"_.;“F‘
Definition 31. A strategy profile ! '
x® = (xf,.....,x5) € X is called a Nash

equilibrium in the game (1) if
max

max f;(x® Il x;) = f;(x®)
XiEX]
The set of all{x®} in the game (1) will be

designated by*.

3.2 Bimatrix Games: We consider a bi-matrix
game defined by a paiA( B) of realm X n
matrices. Matriceé andB are payoffs to play
andll, respectively. The set of pure strategies
of playerl (matrix rows) is denoted by and
the set of pure strategies of playefcolumns)

is denoted by\.

M=(1,.....,m),

(i € N)

N =(1..n

www.johronline.com

In addition, X; contains only a finite number of

elements! is a finite game with fuzzy payoffs.

If N' = {1,2}, then (3) is a bi-matrix game

with fuzzy payoffs: - (2)

To determine the concept of optimality, we

must compare payoffs. We use some
defuzzification operatof

(TC-)=Y()VP(-)U(C~; )etc.).
We propose the following definition.
Definition  4.1. A  strategy  profile
x® = (xf,..... ,Xy) € X is called a T¢)-
Nash equilibrium in the game (3) if

(8 ) <p fi(x®) (i € N):
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We note that the solutions, which defined in
[Maeda, 2003], [Cunlin, 2011] and [Dutta,
2014], are particular cases of Definition 4.1.
Next, we consider the associated crisp game for

3)

I = {N; {Xi }iEN ;{T[ﬁ [XJJ}EEJ

Theorem 4.1. Let xe is a Nash equilibrium in
(4) and T(-) is a linear defuzzification
operator, therx® is T(+ )-Nash equilibrium in
a game (3).

For example, we consider one bi-matrix game
with a triangular fuzzy payoffs.
Example 4.1. Let A and B are the triangular
fuzzy payoff matrixes of the fuzzy bi-matrix
gamerl’, given as follows: .
i ((20, 5,10) (5,10,5)) g ((10,10,5) (15,5,10))

L (5105) (10,55) ~ \(101020) (5,105)

We use the operatd/( *,v).

If v = 0, then the associated crisp game (4)
given as follows

a= (6" 79 B=G %)

The mixed U( = ,0)-Nash equilibrium is

x® = (x{,x5)wherex] = (E,E) .
e _ (3 l)

X2 (10’ 10

If v = ; then the associated crisp game (4)

given as follows

_(21.25 375 _ (875 16.25

A= (3.?5 1{]) B= (12.5 3.75)

The mixed U( *,ij-Nash equilibrium is .
6

7
x® = (x{,x5)wherex; = (— —)
l: 1! 2) 1 13713

= — i E) °
X2 (19’ 19
If ¥ = 1 then the associated crisp game (4)
given as follows

a= (22799 8= (25 2
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The mixed U( <,1)-Nash equilibrium is

5 3
x® = (xf,x5)wherex] = (—,—)

g 8

()
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